We analyze finite supersymmetric SU(5) GUT taking into account the problem in the Higgs potential and threshold corrections to gauge and Yukawa couplings at GUT and SUSY scales which is important in case of large tan β model. We find that even with these finiteness conditions, which are very restrictive, there are parameter regions where low-energy experimental values are consistently reproduced and the Higgs potential actually realizes both constraints for large tan β and radiative electroweak symmetry breaking, provided that a free parameter is introduced in the boundary condition of the Higgs mixing mass parameter.
Introduction
The appearance of infinity in quantum field theory has long been one of the annoying problems. Most of particle physicists would believe that the ultimate theory, if it exits, should not contain any infinity and needs no renormalization procedure. In the '80s, it was pointed out that the requirement of no quadratic divergence leads a kind of symmetry, supersymmetry [1] . Then it is interesting to consider what symmetry appear due to the requirement of vanishing even logarithmic divergence (vanishing β-functions) in supersymmetric theories. Among these theories, N = 4 and some N = 2 theories have zero β-functions, what is called finiteness, in all-order of perturbation theory [2] and they are believed that there are duality symmetries in those theories [3] . In this way, imposing that there are no infinities in theories corresponds to very important symmetries until now. If that is the case, what happens in N = 1 theory from the requirement of finiteness? In perturbative region, there is the classification table of models in which gauge and Yukawa couplings satisfy the conditions of finiteness in 1-loop order [4] . Moreover the all-order finiteness condition for these couplings is also found [5] . β = 0 is also strongly related to the non-perturbative dynamics such as the electro-magnetic duality transformation proposed by Seiberg [6] . However, what (symmetry) corresponds to these finiteness conditions has not been answered yet.
On the other hand from a viewpoint of low-energy phenomenology, N = 1 supersymmetry which would come from the requirement of vanishing quadratic divergences has provided us with many interesting consequences. Therefore it will be surely important and become a first step toward understanding of the meanings of finiteness to analyze phenomenological results as a consequence of vanishing logarithmic divergence. The finiteness conditions stated in section 2 prohibit us from applying them to U(1) gauge theory, and to MSSM. Then we apply these conditions to grand unified theory (GUT) and derive the boundary conditions at GUT scale for couplings of low-energy theory which we suppose to be MSSM. In particular in case of SU(5) GUT models, many articles have obtained interesting results of the fermion masses, superparticle masses, etc. [7, 8, 9] .
In this paper we analyze this SU(5) model taking care of the following two points which have not been included explicitly so far. (1) Since we use the 2-loop order β-functions for MSSM couplings we need to include the 1-loop order threshold corrections [10] . Especially, it is important in large tan β model to include a SUSY threshold correction to bottom quark mass m b which can be 20 ∼ 40 % of the uncorrected value [11] . (2) Furthermore in large tan β model, we must check whether the Higgs potential can really generate the radiative electroweak symmetry breaking [12] with the large value of tan β. To carry out this, it is necessary to take account of a new parameter to the boundary condition for the Higgs mixing mass parameter.
We briefly review the finiteness conditions in N = 1 supersymmetric gauge theory and its application the finite SU(5) model in section 2. In section 3 we consider the matching conditions of this finite SU(5) model to MSSM and calculate low-energy predictions. The GUT and SUSY threshold corrections which are characteristic to this model are discussed in section 4. Section 5 is devoted to summary and comments. The appendices contain the explicit tree-level form of mass formulae and the SUSY threshold corrections to gauge couplings in MSSM.
Finite SU(5) model
First we describe the all-order finiteness conditions for gauge couplings and the couplings in superpotential sector. We consider an anomaly free N = 1 supersymmetric gauge theory based on a simple gauge group G with a gauge coupling g, and with the superpotential
The 1-loop β-functions are given by
3)
where γ i (1) j are the 1-loop anomalous dimensions of the field Φ i and 6) f abc are the structure constants of the gauge group G. Then the necessary and sufficient conditions for 1-loop order finiteness * (to contain no divergence) are β
That is, the field contents satisfy the condition (2.7) and the conditions (2.8) possess (g-expansion) solutions of the form
The field contents which satisfy these conditions are listed in Ref. [4] . In addition to the above conditions it is necessary to impose one more condition so that this theory may have no divergence in all-order of perturbation theory. This condition says that the solutions of vanishing one-loop anomalous dimensions, γ i (1) j = 0, are isolated and non-degenerate † when considered as solutions of vanishing one-loop Yukawa β-functions, β
(1) ijk = 0 [5] . Surprisingly enough, the conditions for all-order finiteness can be expressed in term of the 1-loop order quantities (β-functions). Therefore one may easily apply these conditions to definite models.
Next we discuss soft SUSY breaking sector. In general, this part of potential takes the form (for simple gauge group G),
where here and hereafter the fields φ i in V sof t denote the scalar component of those superfields and λ means gaugino. For these parameters in V sof t , the (renormalizationgroup invariant) finiteness conditions are found within only 2-loop order [14] unlike for the dimensionless couplings. These conditions are given by 12) together with (2.7), (2.8).
‡ With these conditions, the theory has β-functions that all vanish at least to 2-loop order. It is interesting to note that these universal forms of finiteness condition are the same as those derived from superstring or N = 1 supergravity models [14] . As a concrete example of phenomenological applications of the finiteness conditions, we consider supersymmetric SU(5) GUT models. According to the classification tables in Ref. [4] , there exit only one field content which fulfills the following requirements;
· It contains chiral three families (three (5 , 10) sets).
· The remains of the contents are vector-like ones.
· It contains fields in an adjoint representation to break the GUT gauge group. This model contains (5 ,5 , 10 , 10 , 24) with the multiplicities (4 , 7 , 3 , 0 , 1). Then the general superpotential for this contents is
where W m contains the mass terms of H a ,H a , Σ. It is sufficient to impose following discrete symmetries in order to get isolate and non-degenerate solutions and suppress the rapid nucleon decay [9] . With these symmetries, the superpotential is restricted to the form,
and the unique solution which guarantees the all-order finiteness are given by [7, 8, 9] f 111 = f 222 = f 333 = 8 5 g ,f 111 =f 222 =f 333 = 6 5 g ,
Then we apply the finiteness conditions to V sof t to get final expression of this SU(5) model. The general potential takes the form
Taking into account the form of the superpotential (2.14), we can get the relations among the soft parameters for 2-loop order finiteness from (2.11) and (2.12) ; 17) and all other elements are zero. This, together with the relations (2.15), provides us with the finite § SU(5) model above GUT scale. Now, note that from the conditions of finiteness there are no constraints for the B-parameters in the potential (2.16) as well as the supersymmetric Higgs mass parameters. These are to be determined by the requirements of low-energy assumptions, which is the task of the next section.
Matching to MSSM and low-energy predictions
In this section, we analyze low-energy predictions of the finite SU(5) model. This model which is supposed to break spontaneously to MSSM at GUT scale M G casts the boundary conditions for the couplings of MSSM from the finiteness conditions. Leaving GUT threshold corrections to gauge and Yukawa couplings in the next section, we first consider the matching of the parameters between MSSM and the finite SU(5) at tree level. § All-order finite for gauge and Yukawa couplings, whereas (at least) 2-loop order finite for soft SUSY breaking parameters.
The matching conditions for gauge couplings are trivial,
where
As for Yukawa couplings, one may think that from the solutions (2.15) a pair of light Higgs doublet which result from the doublet-triplet splitting mechanism don't couple to any of the matter fields (5 , 10). However as mentioned in the end of section 2, the Higgs mass parameters in W m are not constrained from finiteness and have a freedom for tuning of mass parameters of HH to cause a Higgs mixing at M G . In this paper we take the nonzero couplings of the Higgs doublets to only the third generation matter fields but the Yukawa couplings for the first and second generations are obtained in the same way [15] .
After SU(5) symmetry breaking, we suppose the supersymmetric HH mass terms take the form,
Substituting Σ = ω · diag(2, 2, 2, −3, −3) into W m , the mass terms of H 3 and H 4 become as follows;H
.
We diagonalize M (2) of the pair of light Higgs doublets
which leads to the triplet Higgs mass terms ;
After this rotation, the Yukawa couplings of the third generations to the light Higgs become
From this, we can consider the following two separate cases:
In this paper, we use the next values for each case; (1) With the above assumptions the superpotential in MSSM take the form,
In the end, for these couplings the matching conditions at M G turn out,
Finally, we consider the matching conditions in the soft SUSY breaking sector. In MSSM, a general form for this sector is
16 GeV, we can take the mass parameters:
Taking into account the above Higgs rotation, the matching conditions for these parameters (except for m 2 3 ) become as follows;
As a consequence of finiteness, from (2.15), (2.17), (3.1), (3.12), (3.13) and (3.15) ∼ (3.19) we obtain the boundary conditions for MSSM couplings at M G ,
20)
Furthermore we can determine a boundary condition for m 2 3 when we consider to cause the doublet-triplet splitting in the soft SUSY breaking sector as well as in W ′ m . After SU(5) breaking, the soft mass terms of H (2) a become from (2.17),
To complete the doublet-triplet splitting we should take [8] 
Then from the equations (3.4) and (3.7), we can see that a pair of light Higgs doublet (scalar) actually survive down to the low energy.
Taking into account the uncertainty in the condition (3.27), here we introduce a free parameter δm 2 3 in the boundary condition for m
which plays an important role in the following analyses † . With the above boundary conditions (3.20) ∼ (3.25) and (3.30) for MSSM couplings, we analyze the low-energy predictions in each case (1), (2) . Although these conditions are universal and very restrictive, we can find the parameter region where these predictions are consistent with the low-energy experimental values. When the threshold corrections are neglected, the analysis procedure is as follows.
• case (1) : ( large tan β model ) In this case we have five free parameters, g , M G , M , µ and δm . Since we don't deal with the threshold corrections in this section, we can treat M SU SY and tan β just like as free parameters in the procedure. At first we input g , M G , M SU SY and tan β, and run the dimensionless couplings down to M Z by using 2-loop β-functions [16] . Then we can tune these four input parameters to reproduce the low-energy values which are consistent with the experimental data [17] ,
The dimensionfull parameters are not included in these β-functions and we neglect the threshold corrections, therefore the values of M , µ and δm 3 give no effects to this tuning. Next with the input value of M in addition to the above parameter set, we calculate the dimensionfull parameters at M and tune M so that M SU SY in this set may be equal to a value of the following quantity;
Similarly, this adjustment of M is independent of the input values of µ and δm the last step, we tune µ and δm 2 3 so that the low-energy Higgs potential actually realize the value of tan β in this parameter set and fulfill the constraints for radiative electroweak symmetry breaking, 
where M 2 is a field-dependent mass-squared matrix and STr A = j (−1) 2j (2j + 1) TrA j is a weighted supertrace. The explicit expression for M 2 can be found in
Ref. [20] . This exact 1-loop correction takes, however, a very complicated form. So we here adopt the handy calculating method [21] which incorporates the corrections only to the Higgs mass terms from V (1) . This method is known to be almost enough to obtain approximate form of the full 1-loop potential, because the values of VEVs evaluated by this method are almost the same as those obtained from the full 1-loop potential and the rapid Q dependence of the potential which mainly comes from that of the running mass parameters becomes milder even in this method [21] . In this way, we can determine the input values of g , M G , M , µ and δm 2 3 , and calculate the low-energy predictions (gauge couplings and masses of fermions, superparticles and Higgs etc.). We show the two type of example in Table 2 , 3 (One is the parameters set for the highest M SB (Table 2 ) and another is lowest one. (table  3) ) where mx are the superparticle masses and m H ± , m A , m H,h are the Higgs scalar masses which correspond to the charged, neutral CP-odd and neutral CP-even ones, respectively. Their explicit tree level forms are given in the appendix A. * To treat this more precisely, we should make use of the improving effective potential method [19] .
The sparticle mass predictions are enough within the experimental bounds [17] . Note that, unlike the usual MSSM, the lightest superparticle(LSP) is not a neutral one but τ -slepton † because of the highly restrictive finiteness conditions and the largeness of y b and y τ . This property is characteristic to this finite SU(5) model with large tan β and will be tested in future experiments.
• case (2) : ( small tan β model ) In a same way as case (1), we need five free parameters for radiative symmetry breaking in this case. Unlike the large tan β models, there is no problem of the finetuning of Higgs mass parameters (and large threshold correction to m b ) in small tan β models. On the other hand, if we adopt the handy calculating method to estimate the 1-loop corrections to the Higgs potential, we should take care of another respect as mentioned in Ref. [21] . This is that in this case the contributions to D-term from V (1) near the flat direction (tan β ∼ 1) are no longer small compared with that from the tree level V (0) . Therefore this method which includes only mass corrections may become no more good approximation. The contribution to the quartic terms from As for all other respects, we follow the analysis procedure in case (1) and the representative result is shown in Table 4 . We can see from this, for example, that this model predicts that the LSP is the lightest neutralino because µ can be taken smaller than that in the large tan β case etc. and therefore this result bears a close resemblance to the typical one in usual MSSM [23] . † This problem may be avoided by considering an R-parity violating interaction QdL which is needed for one of the possible interpretations of the high-Q 2 anomaly at HERA [22] .
case (1) 
Threshold corrections
In this section we address the threshold corrections at GUT and SUSY scales. Two types of corrections are important ; One is the GUT corrections to gauge and Yukawa couplings [24, 25] which may be characteristic to this finite SU(5). * Another is the SUSY ones [25, 26] , especially the corrections to m b which are important in the large tan β model. These corrections to the dimensionless couplings are thought to be important in the sense that these parameters are now precisely measured by experiments and so including these corrections may restrict the models and their allowed parameter regions. However, since the MSSM couplings are highly restricted at GUT scale by considering the finiteness conditions and the low-energy physics, that is, the experimental data and the constraints from the Higgs potential, there is only a little room for varying the SUSY threshold corrections except for these signs. Therefore we consider whether the low-energy experimental values are consistently reproduced by tuning the GUT threshold corrections. In this paper we neglect the 1-loop corrections from electroweak gauge boson and top quark [28] except for the important and large corrections to the mass of the lightest CP-even Higgs boson [29] . First, we discuss the 1-loop GUT threshold corrections. These corrections to the standard gauge couplings are found to be
where M V is the superheavy gauge bosons mass (which is equivalent to that of the (3, 2, ± ) component of adjoint Higgs Σ ), M i and µ ′ are the masses of superheavy parts of H a ,H a , and M Σ is the mass of the color octet and SU(2) triplet component of Σ. These mass parameters are defined by the conditions of SU(5) symmetry * The GUT corrections to the other parameters (gaugino masses etc.) are so small that the following analysis is not affected too much [27] .
breaking and the finiteness conditions as follows; 2) and (3.7) ). M 24 is the supersymmetric mass parameter of Σ,
Since we set M G = M V = Λ, there are three free parameters, M 1 , M 2 and µ ′ in the correction formulae. Furthermore since H 1 and H 2 sector have same structures, hereafter without loss of generality we set
For the example of case 1 (large tan β) and case 2 (small tan β), the allowed region for M H and µ ′ which reproduce the experimental values of the gauge couplings α 1,2,3 are shown in Fig.1, 2 including the SUSY threshold corrections to gauge couplings (appendix B). These SUSY threshold corrections ∆ S 1,2,3 are about 1 ∼ 2 %. Therefore it is found that these can be cancelled by ∆ G 1,2,3 . However this region may be rather narrowed if the proton decay constraint (M H , µ ′ > ∼ 10 16 GeV) is considered.
Next we consider the GUT corrections to Yukawa couplings, 
14)
where the superscript + denotes that these couplings are GUT scale parameters. From the finiteness conditions (2.15) we have,
The threshold function F (a, b) is defined as follows;
The typical values of these corrections to the low-energy fermion masses and the bottom-tau ratio are shown in Fig.3, 5 . We first investigate the large tan β case. In this case, the SUSY threshold correction to m b (M Z ) is very large (about 25 %) for the contribution from gluino/squark and chargino/squark diagrams due to large α 3 and y t , especially in models with the universal soft SUSY breaking terms like this model [11, 26] . The sign of this important correction, however, depends on that of the supersymmetric Higgs mass parameter µ which can be easily changed. Fig.2 , by considering these experimental constraints, only the left and above region of the gray one is allowed. An example in this allowed parameter space is shown in Table 5 
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Summary and Comments
We discussed the SU(5) model with the finiteness conditions. In this model β-functions of gauge and Yukawa couplings (and supersymmetric mass parameters) are zero in all-order of perturbation theory and the all other β-functions are zero in, at least, two-loop order. Especially we analyzed the low energy taking into account the problem in the Higgs potential. That is, we checked whether the Higgs potential actually fulfill the both constraints of large tan β and radiative electroweak symmetry breaking including the 1-loop corrections to the Higgs mass parameters from heavy (∼ M SU SY ) sector. As a result, it is found that without breaking the finiteness conditions a free parameter is needed to satisfy these constraints. We also estimated the GUT and SUSY threshold corrections to the dimensionless couplings in this model. Including these corrections left us very small available parameter spaces in this model. In this paper, we discussed the particular form of the Higgs mass matrix, and yet it is interesting problem to analyze a more general form of this matrix in order to investigate the proton decay constraint, light fermion masses, the CP-violation and so on. The alternative way to construct the realistic and restricted (GUT) model is the coupling constant reduction method [30] based on renormalization-group invariant relations among couplings which are the solutions of the so-called reduction equations [31] . Though with these relations the models is not necessarily finite, one can reduce the number of free parameters in models and increase the predictive power as well as models with finiteness conditions. Moreover the application of this method to the soft SUSY breaking sector in ordinary minimal SU(5) model leads non-universal boundary conditions for soft mass parameters at GUT scale. Therefore one may improve the problem of the too large value of the SUSY threshold correction to m b in large tan β model unlike the finite SU(5) model. In either way, the success or failure of the models and the determination of the allowed parameter region entirely depend on the near future experiments.
• neutralino masses The neutralino mass terms are : 
Appendix B SUSY threshold corrections to gauge couplings
In this appendix we present the explicit forms of the SUSY threshold corrections to the MSSM gauge couplings [25, 26] in the same approximation as appendix A. For the explicit forms for the Yukawa coupling thresholds, see Ref. [25, 26] . 
